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PROJECTION ON SEGRE VARIETIES AND DETERMINATION OF
HOLOMORPHIC MAPPINGS BETWEEN REAL SUBMANIFOLDS
M.S. BAOUENDI, PETER EBENFELT AND LINDA P. ROTHSCHILD
Dedicated to Professor Sheng Gong on the occasion of his 75th birthday
Abstract. It is shown that a germ of a holomorphic mapping sending a real-analytic
generic submanifold of finite type into another is determined by its projection on the
Segre variety of the target manifold. A necessary and sufficient condition is given for a
germ of a mapping into the Segre variety of the target manifold to be the projection of
a holomorphic mapping sending the source manifold into the target. An application to
the biholomorphic equivalence problem is also given.
1. Introduction and main results
In this paper, we show that a germ at 0 of a holomorphic mapping H : (CN , 0) →
(CN
′
, 0) sending one real-analytic generic submanifold M ⊂ CN of finite type at 0 into
another real-analytic generic submanifold M ′ ⊂ CN
′
is determined by its projection onto
Σ′0, the Segre variety of M
′ at 0 (Theorem 1.1). We also give a necessary and sufficient
condition for a germ at 0 of a holomorphic mapping F : (CN , 0) → (Σ′0, 0) to be the
projection of such a mapping H (Theorem 1.6). As a corollary, we obtain a new criterion
for two real-analytic generic submanifolds M,M ′ of finite type at 0 ∈ CN to be locally
biholomorphically equivalent at 0 (Corollary 1.7). The main tools used in the proofs
are the iterated Segre mappings, as previously introduced by the authors in [BER96],
[BER03], and also a new invariant description of normal coordinates (Theorem 2.1), which
may be of independent interest. Segre variety techniques in the context of mappings
between real hypersurfaces were introduced in [W77] and [W78].
Let M be a real-analytic generic submanifold of codimension d in CN with 0 ∈ M ,
given locally near 0 by
(1.1) ρ1(Z, Z¯) = . . . = ρd(Z, Z¯) = 0,
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where ρ(Z, ζ) := (ρ1(Z, ζ), . . . , ρd(Z, ζ)) is a C
d-valued holomorphic function such that
∂Zρ1 ∧ . . . ∧ ∂Zρd 6= 0 near 0 and
(1.2) ρ(Z, ζ) = ρ(ζ¯ , Z¯).
The generic submanifold M is said to be of finite type at p (in the sense of Kohn [K72]
and Bloom-Graham [BG77]) if the (complex) Lie algebra gM generated by all smooth
(1, 0) and (0, 1) vector fields tangent to M satisfies gM(p) = CTpM , where CTpM is the
complexified tangent space to M at p.
Let U ⊂ CN be a sufficiently small open neighborhood of 0. For p ∈ CN sufficiently
close to 0, we denote by Σp the Segre variety of M at p defined by
(1.3) Σp := {Z ∈ U : ρ(Z, p¯) = 0}.
We observe, for future reference, that Σp is an n-dimensional complex submanifold of U ,
with n = N − d, for all such p. Moreover, it follows from (1.2) that p ∈ Σp if and only p
is in M , and also that q ∈ Σp if and only if p ∈ Σq.
Theorem 1.1. Let M be a real-analytic generic submanifold of codimension d in CN
and of finite type at 0 ∈ M . Then, for every λ ∈ C, 0 < |λ| < 1, there exist 2d + 1
germs at 0 of holomorphic functions gλ1 , . . . , g
λ
d , h
λ
1 , . . . , h
λ
d+1 : (C
N , 0) → CN , depending
holomorphically on λ, such that gλj (0) → 0, h
λ
j (0) → 0 as λ → 0 and such that the
following holds. If M ′ ⊂ CN
′
is a real-analytic generic submanifold of codimension d′
through 0 and z˜ a germ at 0 of a holomorphic submersion z˜ : (CN
′
, 0)→ (Σ′0, 0), where Σ
′
0
is the Segre variety of M ′ at 0, such that z˜−1(0) is transversal to Σ′0, then there exists a
germ at 0 of a holomorphic mapping Φ: ((Σ′0)
2(d+1), 0)→ (CN
′
, 0) satisfying the following.
If H : (CN , 0)→ (CN
′
, 0) is a germ at 0 of a holomorphic mapping such that H(M) ⊂M ′,
then
(1.4) H = Φ ◦ (z˜ ◦H ◦ hλ1 , z˜ ◦H ◦ g
λ
1 , . . . , z˜ ◦H ◦ h
λ
d , z˜ ◦H ◦ g
λ
d , z˜ ◦H ◦ h
λ
d+1, z˜ ◦H),
for all λ sufficiently small.
Remark 1.2. It follows from the proof of Theorem 1.1 that there exists an integer l ≥ 0
such that each of the functions gλ1 , . . . , g
λ
d , h
λ
1 , . . . , h
λ
d+1 is given by a convergent power
series of the form
(1.5) a0(λ) +
∑
α∈ZN
+
\{0}
aα(λ)
Zα
λl|α|
,
where the coefficients a0(λ), aα(λ) are holomorphic in the unit disk D, a0(0) = 0. Another
way of expressing this is saying that each of the functions gλ1 , . . . , g
λ
d , h
λ
1 , . . . , h
λ
d+1 is given
by
(1.6) gλj (Z) = gˆj
(Z
λl
, λ
)
, hλj (Z) = hˆj
(Z
λl
, λ
)
PROJECTION ON SEGRE VARIETIES 3
where the gˆ1, . . . , gˆd, hˆ1, . . . , hˆd+1 are germs at 0 of holomorphic functions (C
N ×C, 0)→
(CN , 0).
Remark 1.3. Suppose that P : (CN
′
, 0) → (Σ′0, 0) is a germ at 0 of a holomorphic pro-
jection, i.e. P |Σ′
0
is the identity on Σ′0. The reader can easily verify that z˜ := P is
a holomorphic submersion satisfying the assumptions of Theorem 1.1. Conversely, any
holomorphic submersion z˜ as in Theorem 1.1 is a projection up to a local biholomorphism
of Σ′0 at 0.
An immediate corollary of Theorem 1.1 is the following.
Corollary 1.4. Let M , M ′, and z˜ be as in Theorem 1.1. If H : (CN , 0) → (CN
′
, 0)
is a germ at 0 of a holomorphic mapping such that H(M) ⊂ M ′, then H is uniquely
determined by z˜ ◦H.
An algebraic reformulation of Corollary 1.4 can be given as follows. For any complex
manifold X and p ∈ X , let OX(p) denote the ring of germs at p of holomorphic functions
on X . For X = CN , we write ON (p) instead of OCN (p). Recall that if Y ⊂ X is a complex
analytic subvariety through p, then the ring OY (p) of germs at p of holomorphic functions
on Y is given by OX(p)/I(Y ), where I(Y ) denotes the ideal of germs vanishing on Y . Let
H be a germ at p of a holomorphic mapping (X, p)→ (W, q), where X andW are complex
manifolds. The mapping H induces a ring homomorphism ΦH : OW (q) → OX(p), given
by ΦH(f) = f ◦ H for f ∈ OW (q). The reader can verify that the following result is a
reformulation of Corollary 1.4.
Theorem 1.5. Let M , M ′, and Σ′0 be as in Theorem 1.1 and denote by π the canon-
ical homomorphism π : ON ′(0) → OΣ′
0
(0). Let φ : OΣ′
0
(0) → ON ′(0) be any ring ho-
momorphism such that π ◦ φ : OΣ′
0
(0) → OΣ′
0
(0) is an isomorphism. Then, for any
H : (CN , 0)→ (CN
′
, 0) a germ at 0 of a holomorphic mapping such that H(M) ⊂M ′, the
induced homomorphism ΦH is uniquely determined by ΦH ◦ φ.
We give now a necessary and sufficient condition for a germ at 0 of a holomorphic
mapping F : (CN , 0)→ (Σ′0, 0) to be of the form z˜ ◦H , for some z˜ as in Theorem 1.1 and
a holomorphic mapping H sending M into M ′.
Theorem 1.6. Let M and d be as in Theorem 1.1. Then there exist an open, connected
subset Ω ⊂ CN × C2(d+1)(N−d)−N such that the set
{(Z, ξ) ∈ CN × C2(d+1)(N−d)−N : (Z, ξ) ∈ Ω, Z = 0},
is open in {0}×C2(d+1)(N−d)−N with 0 in its closure, and 2d+1 germs at 0 of holomorphic
mappings
A1, . . . , Ad, B1, . . . , Bd+1 : (Ω, 0)→ C
N
such that Aj(0, ξ)→ 0, Bj(0, ξ)→ 0 as ξ → 0 (for (0, ξ) ∈ Ω) and such that the following
holds. If M ′, d′, Σ′0 are as in Theorem 1.1, then there exists a germ at 0 of a holomorphic
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mapping Ψ: ((Σ′0)
2(d+1), 0) → (Cd
′
, 0) satisfying the following. Let F : (CN , 0) → (Σ′0, 0)
be a germ at 0 of a holomorphic mapping. If there exists a germ at 0 of a holomor-
phic mapping H : (CN , 0) → (CN
′
, 0) and a germ at 0 of a holomorphic submersion
z˜ : (CN
′
, 0)→ (Σ′0, 0) with z˜
−1(0) transversal to Σ′0 such that
(1.7) H(M) ⊂M ′, F = z˜ ◦H
then
(1.8)
∂
∂ξ
Ψ(F ◦B1(Z, ξ), F ◦ A1(Z, ξ), . . . , F ◦Bd(Z, ξ), F ◦ Ad(Z, ξ),
F ◦Bd+1(Z, ξ), F (Z)) ≡ 0.
Conversely, suppose (1.8) holds. Then for every germ at 0 of a holomorphic submersion
z˜ : (CN
′
, 0) → (Σ′0, 0) with z˜
−1(0) transversal to Σ′0, there is a unique germ at 0 of a
holomorphic mapping H : (CN , 0)→ (CN
′
, 0) satisfying (1.7).
By combining Theorem 1.6 with Theorem 3.1 in [ER06], we obtain the following result
concerning the biholomorphic equivalence problem.
Corollary 1.7. Let M and d be as in Theorem 1.1. Then there exist an open set Ω
and A1, . . . , Ad, B1, . . . , Bd+1 as in Theorem 1.6 such that the following holds. If M
′ is a
real-analytic generic submanifold of codimension d through 0 in CN , then there exists a
germ at 0 of a holomorphic mapping Ψ: ((Σ′0)
2(d+1), 0)→ (Cd, 0) such that M and M ′ are
biholomorphically equivalent at 0 if and only if there exists a germ at 0 of a holomorphic
mapping F : (CN , 0) → (Σ′0, 0) such that F |Σ0 is a local biholomorphism at 0 and (1.8)
holds. Here Σ0 denotes the Segre variety of M at 0.
We would like to point our that the hypothesis of finite type in Theorems 1.1 and 1.6
is crucial as is illustrated by the following simple example.
Example 1.8. Let M ⊂ C2 be the real-analytic hypersurface given by
Im w = (Re w)|z|2,
which is of finite type at all points except along {w = 0}. Note that the family of
holomorphic mappings
Ht(z, w) = (z, tw),
for all t ∈ R, sends M into itself. Thus, the conclusion of Theorem 1.1 (with z˜(z, w) =
(z, 0) ∈ Σ0) does not hold. Also, for any holomorphic function F (z, w), with F (0) = 0,
the mapping
H(z, w) = (F (z, w), 0)
sends M into itself and, hence, in contrast with the conclusion of Theorem 1.6, there is
no (non-trivial) condition on a mapping F to be a component of a holomorphic mapping
M into itself.
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As an application of Theorem 1.1, we give a refinement of some results concerning finite
jet determination of holomorphic mappings between generic submanifolds (see Section 5
for details). This is a problem that has received much attention recently. We mention here
the papers [Z97], [BER00], [BMR02], [ELZ03], [KZ05], [LM05], where results on finite jet
determination of mappings between generic submanifolds are obtained. The reader is also
referred to the survey papers [Z02] and [B06] for further references and results.
2. An invariant description of normal coordinates
For the proof of Theorem 1.1, we shall need the following description of all normal
coordinates for a real-analytic generic submanifold. Let M ⊂ CN be a real-analytic
generic submanifold through 0 of codimension d. Recall that local holomorphic coordi-
nates (z, w) ∈ Cn × Cd, with n = N − d, are called normal if M can be expressed near 0
as a graph of the form
(2.1) Im w = φ(z, z¯,Re w),
where φ(z, z¯, s) is an Rd-valued real-analytic function in a neighborhood of 0 in Cn × Rd
with
(2.2) φ(z, 0, s) ≡ φ(0, χ, s) ≡ 0.
Equivalently, M can be defined by a complex equation of the form
(2.3) w = Q(z, z¯, w¯),
where Q(z, χ, τ) is a Cd-valued holomorphic function, defined near 0 in Cn × Cn × Cd,
satisfying
(2.4) Q(z, 0, τ) ≡ Q(0, χ, τ) ≡ τ.
Normal coordinates were first introduced by Chern–Moser in [CM74] (see also [BER99b]).
As in the beginning of Section 1, let U be a small open neighborhood of 0 in CN , and
Σ0 the Segre variety of M at 0. Let z˜ : U → Σ0 be a holomorphic submersion such that
z˜(0) = 0 and the d-dimensional complex submanifold W := z˜−1(0) is transversal to Σ0
at 0. Observe that, for p ∈ CN sufficiently close to 0, the submanifolds Σp and W also
intersect transversally near 0. Hence, after shrinking U if necessary, we may define a
mapping σ : U → W by letting σ(p) be the single point of intersection between Σp and
W . We denote by ι : W → W the restriction of σ to W , i.e.
(2.5) Σp ∩W = {ι(p)}, p ∈ W.
It follows that, for p ∈ W sufficiently close to 0, ι2(p) = p since ι(p) ∈ Σp∩W and, hence,
ι is a local involution on W .
Theorem 2.1. Let M be a real-analytic generic submanifold of codimension d in CN with
0 ∈M , and Σp its Segre variety at p, for p close to 0. Let U ⊂ C
N be a sufficiently small
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neighborhood of 0 and z˜ : (U, 0) → (Σ0, 0) be a holomorphic submersion such that the d-
dimensional complex submanifold W := z˜−1(0) is transversal to Σ0 at 0, and ι : W → W
the corresponding mapping as defined in (2.5). Then there are open neighborhoods of the
origin V ⊂ CN , X ⊂ Σ0, Y ⊂W such that the following hold:
(i) ι : Y → Y is an anti-holomorphic involution fixing M ∩ Y .
(ii) There is a unique holomorphic submersion w˜ : (V, 0) → (Y, 0) such that the map-
ping H : (V, 0) → (X × Y, 0), where H(Z) = (z˜(Z), w˜(Z)), is a biholomorphism
satisfying
(2.6) H(Σp ∩ V ) = X × {ι(p)}, ∀p ∈ Y.
(iii) If α : (X, 0) → (Cn, 0), and β : (Y, 0) → (Cd, 0) are biholomorphisms, then in the
coordinates (z, w) := (α ◦ z˜, β ◦ w˜) in CN = Cn × Cd the submanifold M is given
near 0 by w = Q(z, z¯, w¯), where Q(z, χ, τ) is a Cd-valued holomorphic function
satisfying
(2.7) Q(z, 0, τ) ≡ Q(0, χ, τ) ≡ ιˆ(τ¯)
with ιˆ the involution given by β ◦ ι ◦ β−1. Moreover, if β(Y ∩ M) ⊂ Rd, then
ιˆ(w) = w¯ and, hence, (z, w) are normal coordinates, i.e. the identity (2.4) holds.
Proof of Theorem 2.1. We let ρ(Z, Z¯) be a defining function forM as in the introduction.
Consider the germ at 0 of a holomorphic mapping f : (CN×CN , 0)→ (Cd×Σ0, 0) defined
by
(2.8) f(Z, ζ) := (ρ(Z, ζ), z˜(Z)),
and the equation
(2.9) f(Z, ζ) = (0, t).
We claim that Z 7→ f(Z, 0) is a local biholomorphism at 0. Indeed,
(2.10)
∂f
∂Z
(0, 0) =
(
∂ρ
∂Z
(0, 0),
∂z˜
∂Z
(0)
)
and, hence, the claim follows from the transversality of the intersection between Σ0 andW
at 0. By the implicit function theorem, there exists a unique germ at 0 of a holomorphic
mapping Z = γ(t, ζ) from (Σ0 × C
N , 0) → (CN , 0) that solves equation (2.9). It follows
from (2.9) that t 7→ γ(t, 0) has rank n := N − d at 0 and that t 7→ γ(t, p¯), for p ∈ CN
sufficiently close to 0, parametrizes an open piece of the Segre variety Σp. We observe,
from the definition of γ, that σ(p) = γ(0, p¯), for p ∈ CN close to 0; recall that σ(p) denotes
the single point of intersection between Σp and W , as defined above. In particular,
(2.11) ι(p) = γ(0, p¯),
where ι is the involution of W defined by (2.5), and hence the anti-holomorphic mapping
p 7→ γ(0, p¯) is a local diffeomorphism at 0 of W . It follows that the mapping (t, p) 7→
γ(t, p¯) from Σ0 × W → C
N is holomorphic in t, anti-holomorphic in p, and is a local
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diffeomorphism at 0. Hence, if we denote by W ∗ the submanifold {Z : Z¯ ∈ W}, then the
mapping Γ(t, p) := γ(t, p) from Σ0 ×W
∗ → CN is a local biholomorphism at 0. As a
consequence, we may define the germ at 0 of a holomorphic mapping w˜ : (CN , 0)→ (W, 0)
by
(2.12) w˜(Γ(t, p)) = γ(0, p) (= ι(p¯)).
Since p 7→ ι(p) is a local diffeomorphism of W at 0, it follows that w˜ is a submersion at
0. Since ι is a local involution on W , we can find a sufficiently small open neighborhood
Y of 0 in W such that ι is an involution on Y (i.e. ι maps Y onto itself and ι2 is the
identity). Indeed, if Y0 is any sufficiently small open neighborhood of 0 in W , then
Y := Y0 ∩ ι(Y0) is such a neighborhood. This proves (i). To prove (ii), let X be any
sufficiently small open neighborhood of 0 in Σ0 and define V := Γ(X × Y
∗). Then w˜,
defined by (2.12) is a holomorphic submersion (V, 0) → (Y, 0). Observe that, for every
p ∈ Y , X ∋ t 7→ Γ(t, p¯) ∈ V parametrizes Σp ∩ V . Hence, equation (2.6) in Theorem 2.1
is equivalent to (2.12). This proves (ii).
To prove (iii), we assume that α and β are as in (iii), and let (z, w) be the coordinates
(z, w) := (α◦ z˜, β◦w˜). In these coordinates, it follows from (ii) that Σ0 = {(z, w) : w = 0}.
Consequently, if ρˆ(z, w, z¯, w¯) = 0 is a defining equation for M in the coordinates (z, w),
then det ∂ρˆ/∂w(0) 6= 0. Hence, by the implicit function theorem, we may solve for w in
the equation ρˆ(z, w, z¯, w¯) = 0 and obtain a defining equation for M of the form (2.3).
The fact that
(2.13) Q(z, 0, τ) = ιˆ(τ¯)
is a direct consequence of (2.6). To prove the remaining part of (2.7), we note, by the
fact that (2.3) defines a real submanifold, that we have
(2.14) Q(z, χ, Q¯(χ, z, w)) ≡ w.
By substituting z = 0 in (2.14) and using (2.13), we obtain Q(0, χ, ιˆ(w)) = w. The desired
identity Q(0, χ, τ) = ιˆ(τ¯ ) follows by taking w = ιˆ(τ¯).
If β(Y ∩M) ⊂ Rd, then, since Y ∩M is the fixed point set of the involution ι, it follows
that Rd ∩ β(Y ) is the fixed point set of the anti-holomorphic involution ιˆ on β(Y ) ⊂ Cd,
i.e. ιˆ(w) = w¯. The identity (2.4) follows immediately. The fact that M can be graphed
as in (2.1) with φ satisfying (2.2) is a direct consequence of the implicit function theorem
and (2.4). This completes the proof of Theorem 2.1. 
Remark 2.2. It is not difficult to see that all normal coordinates (z, w) are obtained in
the way described by Theorem 2.1 for some choice of submersion z˜. The details of this
are left to the reader.
Remark 2.3. Let Z = (zˆ, wˆ) be given coordinates in CN = Cn × Cd in which the Segre
variety Σ0 of M at 0 is tangent to {(zˆ, wˆ) : wˆ = 0} at 0. As a consequence of Theorem 2.1
(and its proof), we obtain the following description of all possible holomorphic transfor-
mations (z, w) = (F (zˆ, wˆ), G(zˆ, wˆ)) yielding normal coordinates forM . Let F : (CN , 0)→
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(Cn, 0) be an arbitrary local holomorphic mapping with det (∂F/∂zˆ)(0) 6= 0. In the set-
ting of the theorem, this corresponds to a choice of a holomorphic submersion z˜ and a
local chart α of Σ0, with F = α ◦ z˜. We note that z˜ and α are not uniquely deter-
mined by F . However, any two different choices of z˜ differ only by a reparametrization
of Σ0. An inspection of the proof of Theorem 2.1 shows that the w˜ given by (ii) in
the theorem is uniquely determined by F . Moreover, for any local chart β on W such
that β(M ∩W ) ⊂ Rd, the mapping G = β ◦ w˜ produces normal coordinates by (iii) of
Theorem 2.1. It is easily seen that if we write G(0, wˆ) = g1(wˆ) + ig2(wˆ), where g1 and
g2 are real-valued on R
d, then there is a one-to-one correspondence between choices of
such parametrizations β and choices of g1(wˆ) with det (∂g1/∂wˆ)(0) 6= 0. We conclude
that G(zˆ, wˆ) is uniquely determined by F (zˆ, wˆ) and an arbitrary choice of g1(wˆ) with
det (∂g1/∂wˆ)(0) 6= 0.
3. Proof of Theorem 1.6 in the case of hypersurfaces in C2
In order to illustrate the idea of the proof of Theorem 1.6, we first give a proof for the
case of hypersurfaces M,M ′ in C2. Let M ⊂ C2 be a real-analytic hypersurface of finite
type at 0 ∈M . Assume that (z, w) ∈ C×C are normal coordinates at 0. Thus M is given
locally near 0 by (2.3), where the scalar-valued holomorphic function Q(z, χ, τ) satisfies
(2.4). The finite type condition on the hypersurface M is equivalent to Q(z, χ, 0) 6≡ 0,
which implies, by the normality of (z, w) that
(3.1) Qχ(z, χ, 0) 6≡ 0,
where we use the notation Qχ = ∂Q/∂χ. The first four iterated Segre mappings (as
defined in [BER99a] and [BER03]) are given by:
(3.2)
v1(t1) := (t1, 0)
v2(t1, t2) := (t2, Q(t2, t1, 0))
v3(t1, t2, t3) := (t3, Q(t3, t2, Q¯(t2, t1, 0)))
v4(t1, t2, t3, t4) := (t4, Q(t4, t3, Q¯(t3, t2, Q(t2, t1, 0)))).
For convenience, we shall also write vk(t1, . . . , tk) = (tk, uk(t1, . . . , tk)).
We let M ′ ⊂ C2 be another real-analytic hypersurface through 0 and (z˜, w˜) normal
coordinates for M ′. We refer to the corresponding objects for M ′ by the addition of ˜ .
Let H = (F,G) be a germ at 0 of a holomorphic mapping with H(0) = 0. If H sends M
into M ′, then (see [ER06], Section 2)
(3.3) G ◦ v4 = u˜4(F ◦ v1, F ◦ v2, F ◦ v3, F ◦ v4).
Conversely, if H satisfies (3.3), then we claim that H sends M into M ′. Indeed, if we take
t1 = 0 in (3.3) and complex conjugate, then we obtain
(3.4) G ◦ v3 = u˜3(F ◦ v1, F ◦ v2, F ◦ v3)
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by using standard properties of the iterated Segre mappings (see [BER99a] or [BER03]).
We now observe that
(3.5) u˜4(t˜1, t˜2, t˜3, t˜4) = Q˜(t˜4, t˜3, u˜3(t˜1, t˜2, t˜3)).
By using (3.5) and (3.4) in (3.3), we conclude that
(3.6) G ◦ v4 = Q˜(F ◦ v4, F ◦ v3, G ◦ v3).
Let M⊂ C2 × C2 be the complexification of M , i.e. the complex submanifold through 0
in C2 × C2 defined by w = Q(z, χ, τ). Since (t1, t2, t3, t4) 7→ (v4(t1, t2, t3, t4), v3(t1, t2, t3))
is a holomorphic mapping of generic full rank into M (see [BER99a] or [BER03]), we
conclude that G(z, w) = Q˜(F (z, w), F¯ (χ, τ), G¯(χ, τ)) for all (z, w, χ, τ) onM and, hence,
H sends M into M ′. This proves the claim.
Consider the equation (z, w) = v4(t1, t2, t3, t4), which can also be written in the form
z = t4 and
(3.7) w = Q(z, t3, Q¯(t3, t2, Q(t2, t1, 0))).
We make the linear change of variables
(3.8) η1 =
t1 + t3
2
, η2 = t2, σ =
t1 − t3
2
and obtain
(3.9) w = Q(z, η1 − σ, Q¯(η1 − σ, η2, Q(η2, η1 + σ, 0))).
Let us use the notation η = (η1, η2) and write
U(η, z, σ) := Q(z, η1 − σ, Q¯(η1 − σ, η2, Q(η2, η1 + σ, 0))).
We have U(η, 0, 0) ≡ 0 and
(3.10) ∆(η) :=
∂
∂σ
U(η, z, σ)
∣∣
z=σ=0
=
− Q¯χ(η
1, η2, Q(η2, η1, 0)) + Q¯w(η
1, η2, Q(η2, η1, 0))Qχ(η
2, η1, 0).
Here we have used the notation Q¯(χ, z, w) and hence the corresponding derivatives Q¯χ
and Q¯w refer to partial derivatives with respect to the first and last variable, respectively.
By differentiating the identity
Q¯(η1, η2, Q(η2, η1, 0)) ≡ 0
with respect to η1, we obtain from (3.10)
∆(η) = 2Q¯w(η
1, η2, Q(η2, η1, 0))Qχ(η
2, η1, 0) 6≡ 0,
10 M.S. BAOUENDI, P. EBENFELT AND L. P. ROTHSCHILD
in view of (3.1) and the fact that Q¯w(0, 0, 0) = 1. We may now apply the singular implicit
function theorem given in Proposition 4.1.18 in [BER99a] and conclude that the equation
(3.9) has a unique solution of the form
(3.11) σ = Θ
(
η,
z
∆(η)2
,
w
∆(η)2
)
,
where Θ(η, z′, w′) is holomorphic near 0 ∈ C4 and Θ(η, 0, 0) ≡ 0. If we now substitute for
(t1, t2, t3, t4) in (3.3) using the linear change of variables (3.8), t4 = z, and then substitute
for σ using (3.11), then we obtain
(3.12) G(z, w) =
u˜4(F ◦ v1(η1 +Θ), F ◦ v2(η1 +Θ, η2), F ◦ v3(η1 +Θ, η2, η1 −Θ), F (z, w)),
where Θ is given by the right hand side of (3.11). In particular, if H sends M into M ′,
then the right hand side of (3.12) is independent of the variable η. Conversely, if F (z, w)
is such that the right hand side of (3.12) is independent of the variable η, then we can
define G(z, w) by (3.12). We claim that H = (F,G) sends M into M ′. Indeed, for any
η ∈ C2 sufficiently close to 0 with ∆(η) 6= 0, we have
(3.13) Θ
(
η,
z
∆(η)2
,
U(η, z, σ)
∆(η)2
)
= σ,
for all sufficiently small z and σ, by the uniqueness of the solution (3.11) to the equation
(3.9). We now make the subsitution (z, w) = v4(t1, t2, t3, t4), η1 = (t1 + t3)/2, η2 = t2 in
(3.12). Using again the linear change of variables (3.8), and t4 = z in the identity (3.13),
we conclude, since in these variables we have u4(t1, t2, t3, t4) = U(η, z, σ), that (3.3) holds.
This proves the claim, in view of the remarks above.
This proves Theorem 1.6 for hypersurfaces in C2 with
(3.14) Ψ(F ◦B1(Z, η), F ◦ A1(Z, η), F ◦B2(Z, η), F (Z)) =
u˜4(F ◦ v1(η1 +Θ), F ◦ v2(η1 +Θ, η2), F ◦ v3(η1 +Θ, η2, η1 −Θ), F (z, w)),
and hence
A1(z, w, η) = v
2(η1+Θ, η2), B1(z, w, η) = v1(η
1+Θ), B2(z, w, η) = v3(η
1+Θ, η2, η1−Θ),
where Θ is given by the right hand side of (3.11). The open set Ω ⊂ C2×C2 can be taken
to be of the form
|η| < ǫ, ∆(η) 6= 0, |z| < ǫ∆(η), |w| < ǫ∆(η),
for ǫ > 0 sufficiently small.
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4. Proof of Theorem 1.6 in the general case and the proof of
Theorem 1.1
Proof of Theorem 1.6. We point out that, in view of Theorem 2.1, it suffices to prove
Theorem 1.6 in some sets of normal coordinates for M and M ′. The proof in the general
case parallels that for hypersurfaces in C2 given in Section 3. Let M ⊂ CN be given in
normal coordinates (z, w) ∈ Cn × Cd near the origin in CN , i.e. by (2.3) where Q(z, χ, τ)
is a Cd-valued holomorphic function satisfying (2.4). The iterated Segre mappings (see
[BER99a] and [BER03]) vj : (Cjn, 0)→ (CN , 0) are given in these coordinates by v1(t1) =
(t1, 0) and, recursively, for j ≥ 1 by
(4.1) vj+1(t1, . . . , tj+1) = (tj+1, uj+1(t1, . . . , tj+1)) = (tj+1, Q(tj+1, vj(t1, . . . , tj)).
We let M ′ ⊂ CN
′
be another real-analytic generic submanifold through 0 and (z˜, w˜)
normal coordinates for M ′. We refer to the corresponding objects for M ′ by the addition
of ˜. Let H = (F,G) be a germ at 0 of a holomorphic mapping (CN , 0)→ (CN ′ , 0) with
H(0) = 0. Let m := d+1. As in Section 3, if H sends M into M ′ (cf. [ER06], Section 2),
then
(4.2) G ◦ v2m = u˜2m(F ◦ v1, F ◦ v2, . . . , F ◦ v2m−1, F ◦ v2m).
Conversely, if (4.2) holds, then, since the mapping
(t1, . . . , t2m) 7→ (v2m(t1, . . . , t2m), v2m−1(t1, . . . , t2m−1))
has generic full rank as a holomorphic mapping into the complexification M⊂ CN ×CN
(see [BER99a] or [BER03]), a similar argument to that in Section 3 shows that H sends
M into M ′.
As in Section 3, we consider the equation (z, w) = v2m(t1, . . . , t2m) or, equivalently,
z = t2m and
(4.3) w = u2m(t1, . . . , t2m−1, z).
We make the linear change of variables
(4.4) ηj =
tj + t2m−j
2
, σj =
tj − t2m−j
2
, j = 1, . . . , m− 1,
and
(4.5) ηm = tm.
Thus, if we write η = (η1, . . . , ηm), σ = (σ1, . . . , σm), and
(4.6) U(η, z, σ) := u2m(η1 + σ1, . . . , η
m−1 + σm−1, η
m, η1 − σ1, . . . , η
m−1 − σm−1, z)
then equation (4.3) becomes
(4.7) w = U(η, z, σ).
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Since M is of finite type at 0, it follows from Lemma 4.1.3 in [BER99a] that U(η, 0, 0) ≡ 0
and that we may decompose σ = (σ′, σ′′) ∈ Cd×C(m−1)n−d, after reordering the variables
if necessary, such that
(4.8) ∆(η) := det
( ∂
∂σ′
U(η, z, σ′, σ′′)
∣∣
z=0,σ=0
)
6≡ 0.
(The reader should be warned that the notation in [BER99a] is slightly different from
that of the present paper.) We should point out that in the hypersurface case in Section
3 these facts were easily verified directly by using the condition of finite type. In the case
of higher codimension, the proof of these facts is more involved. We may now apply the
singular implicit function theorem given in Proposition 4.1.18 of [BER99a] and solve for
σ′ in equation (4.3) and obtain a unique solution of the form
(4.9) σ′ = Θ(η,
σ′′
∆(η)2
,
z
∆(η)2
,
w
∆(η)2
),
where Θ(η, σ′′, z, w) is a Cd-valued holomorphic function near 0 in Cmn × C(m−1)n−d ×
Cn × Cd with Θ(η, 0, 0, 0) = 0. Substituting for (t1, . . . , t2m) in terms of η, σ, and z in
(4.2) using (4.4), tm = ηm, t2m = z, and then substituting for σ′ using (4.9), we obtain a
relation of the form (cf. (3.12))
(4.10) G(z, w) = Ψ(F ◦B1(z, w, ξ), F ◦ A1(z, w, ξ), . . . ,
F ◦Bd(z, w, ξ), F ◦ Ad(z, w, ξ), F ◦Bd+1(z, w, ξ), F (z, w))
where ξ = (η, σ′′) ∈ Cnm × C(m−1)n−d. The Ai and Bj are obtained by making the
substitutions described above for t1, . . . , t2m in the iterated Segre mappings v1, . . . , v2m
and their complex conjugates. The reader can verify from the construction of Θ that
Ai(0, ξ) and Bj(0, ξ) tend to 0 as ξ → 0. If H = (F,G) sends M into M
′, then the right
hand side of (4.10) is independent of ξ or, equivalently, (1.8) holds. The converse follows
in the same way as in the hypersurface case in Section 3. This completes the proof of
Theorem 1.6. 
Proof of Theorem 1.1. We keep the notation of the proof of Theorem 1.6. First, by using
Theorem 2.1, we can find normal coordinates (z˜, w˜) for M ′ such that z˜ = z˜(z˜) is the
submersion given in Theorem 1.1. IfH is a germ at 0 of a holomorphic mapping (CN , 0)→
(CN
′
, 0), then, in these coordinates, H = (F,G) with F = z˜ ◦ H . Hence, to prove
Theorem 1.1, it suffices to show that we have an identity of the form
(4.11) G = Ψ ◦ (F ◦ hλ1 , F ◦ g
λ
1 , . . . , F ◦ h
λ
d , F ◦ g
λ
d , F ◦ h
λ
d+1, F ),
for all λ sufficiently small. Let D : D → Cnm be a holomorphic mapping with D(0) = 0
such that ∆(D(λ)) 6= 0 for λ 6= 0, where ∆(η) is the determinant given by (4.8). The
conclusion of Theorem 1.1 now follows by substituting ξ = (η, σ′′) = (D(λ), 0) in the
identity (4.10). 
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Remark 4.1. In the case where M is a Levi-nondegenerate hypersurface it is possible
to prove a version of Theorem 1.6 with fewer parameters by using the iterated Segre
map v3 rather than v4. We shall illustrate this in the model case where M ⊂ Cn+1 and
M ′ ⊂ Cn
′+1 are respectively given by
Im w =< z, z >n=
n∑
j=1
|zj|
2 and Im w˜ =< z˜, z˜ >n′=
n′∑
j=1
|z˜j |
2.
By a calculation similar to that given in Section 3, one obtains that a germ at 0 of a
mapping H = (F,G) : (Cn+1, 0)→ (Cn
′+1, 0) sends M into M ′ if and only if
(4.12) G(z, w) =
2i
〈
F (z, w)− F
(< z, t2 >n − < t1∗, t2∗ >n−1 +iw/2
t21
, t1∗, 0
)
, F (t2, w − 2i < z, t2 >n)
〉
n′
,
where we have used the notation tj = (tj1, t
j
∗) ∈ C × C
n−1, for j = 1, 2. Here equation
(1.8) is equivalent to the condition that the right hand side of (4.12) is independent of
the 2n − 1 parameters t1∗ and t
2. Note that Theorem 1.6 involves 3n − 1 parameters in
the case that M is a hypersurface.
Remark 4.2. We point out that the independence of the right hand side of (4.11) on the
parameter λ is not sufficient to guarantee that F is a component of a mapping sending M
into M ′. This is the case even in the context of self mappings of the Levi-nondegenerate
hypersurface M given in Remark 4.1 above with n > 1.
5. An application to the problem of finite jet determination
Let F be a class of germs of holomorphic mappings (X, x) → (Y, y), where X and Y
are complex manifolds with x ∈ X and y ∈ Y , respectively. We shall say that F satisfies
the finite jet determination property at x if there exists an integer k ≥ 0 such that for
any pair H1, H2 ∈ F , the condition jkxH = j
k
xH
′ implies H ≡ H ′. Here, jkxH denotes
the k-jet at x of H . For instance, if M and M ′ are real-analytic generic submanifolds of
codimension d through 0 in CN and CN
′
respectively and F is a class of germs at 0 of
holomorphic mappings (CN , 0) → (CN
′
, 0) sending M into M ′, then there are a number
of sufficient conditions that can be imposed on M (or M ′) to guarantee that F satisfies
the finite jet determination property (see e.g. [Z97], [BER00], [BMR02], [ELZ03], [KZ05],
[LM05]). As a consequence of Theorem 1.1, we obtain the following result.
Theorem 5.1. Let M and M ′ be real-analytic generic submanifolds through 0 in CN
and CN
′
, respectively, with M of finite type at 0. Let F be a class of germs at 0 of
holomorphic mappings (CN , 0) → (CN
′
, 0) sending M into M ′ such that F satisfies the
finite jet determination property. Then there exists an integer k > 0 with the following
property. Let z˜ be a germ at 0 of a holomorphic submersion z˜ : (CN
′
, 0)→ (Σ′0, 0), where
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Σ′0 is the Segre variety of M
′ at 0, such that z˜−1(0) is transversal to Σ′0. If H
1, H2 ∈ F
and jk0 (z˜ ◦H
1) = jk0 (z˜ ◦H
2), then H1 ≡ H2.
By using a result from [BMR02], we immediately obtain the following corollary. Recall
that a generic submanifold is called holomorphically nondegenerate at 0 if there are no
germs at 0 ∈ M of (non-trivial) holomorphic vector fields (i.e. (1, 0) vector fields with
holomorphic coefficients) that are tangent to M in a neighborhood of 0.
Corollary 5.2. Let M and M ′ be real-analytic generic submanifolds of codimension d
through 0 in CN with M of finite type and holomorphically nondegenerate at 0. Let
(z˜, w˜) ∈ CN−d × Cd be normal coordinates for M ′ at 0. Then there exists an integer
k ≥ 0 with the following property. Let H1, H2 : (CN , 0) → (CN , 0) be germs at 0 of local
biholomorphisms sending M into M ′ and Hj = (F j, Gj), j = 1, 2, in the coordinates
(z˜, w˜). If jk0F
1 = jk0F
2, then H1 ≡ H2.
Recall that a germ at 0 of a real-analytic hypersurface M ⊂ CN is of D’Angelo finite
type [D’A82] if there is no germ of a nontrivial complex curve C through 0 contained
in M . By using a recent result of Lamel-Mir [LM06] on finite jet determination for all
mappings between hypersurfaces of D’Angelo finite type, we obtain the following .
Corollary 5.3. Let M and M ′ be real-analytic hyperfaces in Cn+1 of D’Angelo finite type
at 0, with (z˜, w˜) ∈ Cn ×C normal coordinates for M ′ at 0. Then there exists and integer
k > 0 with the following property. Let H1, H2 : (Cn+1, 0) → (Cn+1, 0) be germs at 0 of
holomorphic mappings sending M into M ′ and Hj = (F j , Gj), j = 1, 2, in the coordinates
(z˜, w˜). If jk0F
1 = jk0F
2, then H1 ≡ H2.
Proof of Theorem 5.1. Assume that the mappings in the class F are determined by their
k0-jets at 0. In view of Theorem 2.1, it suffices to take normal coordinates (z˜, w˜) ∈
Cn
′
× Cd
′
for M ′ at 0, write H = (F,G) in these coordinates, and show that there exists
a k ≥ k0 such that the k0-jet of G at 0 is determined by the k-jet of F at 0. We start
with equation (4.11), which in view of Remark (1.2) can be written as follows
(5.1) G(Z) = Ψ
(
F
(
hˆ1
(Z
λl
, λ
))
, F
(
gˆ1
(Z
λl
, λ
))
, . . . ,
F
(
hˆd
(Z
λl
, λ
))
, F
(
gˆd
(Z
λl
, λ
))
, F
(
hˆd+1
(Z
λl
, λ
))
, F (Z)
)
,
where the hˆj and gˆj are as in (1.6). By differentiating (5.1) repeatedly with respect to Z,
setting Z = 0, we conclude that
(5.2)
∂|α|G
∂Zα
(0) =
∞∑
j=−|α|l
aαj λ
j,
where each coefficient aαj is a polynomial in the components of j
|α|(l+1)+j
0 F for all j ≥
−|α|l. Since the left hand side of (5.1) (and hence of (5.2)) is independent of λ, the
PROJECTION ON SEGRE VARIETIES 15
coefficient aαj = 0 for j 6= 0 and (∂
|α|G/∂Zα)(0) = aα0 . This completes the proof with
k = k0(l + 1). 
Remark 5.4. The proof of Theorem 5.1 shows that if the mappings H in F are deter-
mined by their k0-jets at 0, then they are also determined by the k-jets at 0 of z˜◦H , where
k = k0(l + 1) and l is the integer given in Remark 1.2 (depending only on M). However,
we do not know any example where the k0-jet at 0 of z˜ ◦H does not already determine
H . If M and M ′ are strictly pseudoconvex hypersurfaces in CN , then it follows from the
work of Chern–Moser [CM74] that k0 can be taken to be 2. Kruzhilin–Loboda [KL83]
proved that for non-spherical strictly pseudoconvex hypersurfaces, the stability group can
be linearized in Chern–Moser normal coordinates and, hence, one may take k0 = 1. In
both the spherical and non-spherical case, one can check directly that the k0-jet of z˜ ◦H
suffices to determine H .
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